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What Catentin s AMout

freshman year. I pulled a beginning calculus textbook off the shelf and

remember standing in the college bookstore at the beginning of my
Iopened it. What a frightening sight it was.
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The pages were filled with strange symbolism like f (4 —x*) dx
x=0
and %4; =M. It might as well have been in Turkish. No one else in my

family had ever studied calculus, so there was no one to give me an
overview of what lay ahead. All I was told was that anyone who wanted to
study any of the topics that [ was even remotely interested in would want
to have a grounding in calculus. Even business majors going on for a
master’s degree were required to study it.

But that didn’t tell me what it was. I looked at some of the
problems in that old textbook:

11. Find dy/dx for y = sin x.
18. Determine the eccentricity of (y + 5)2 + 4(x — 5)* = 1.

22. Solve y'=tanh x

From my trig class I recognized “sin x” and knew that it didn’t have
theological overtones in this context. But I was still at a loss as to what
calculus was about or why I needed to learn it. Was this stuff useful?
Would I find a need for it in my everyday life?

Yes. The book you now hold in your hands shows that every
aspect of calculus can arise in the course of daily living. If you’ve ever
fallen into a vat of cheese soup (Chapter 19) or tried to run a thousand
pounds of ammo through a customs station (Chapter 9) you know what I
mean.

So what’s calculus? In a sentence:
If it moves at a varying speed,
if it has a curvy shape,
if it has a maximum that you’d like to find, or
if it involves adding up an infinite number of terms,
then you’re probably looking at calculus.



A Wit te Sudents

Hi! This is going to be fun.

When I studied calculus my teacher told the class that we could
reasonably expect to spend thirty minutes per page to master the material
in the old calculus book we used. With the book you are holding in your
hands, you will need two reading speeds: thirty minutes per page when
you’re learning calculus and whatever speed feels good when you’re
enjoying the life adventures of Fred.

This book has five parts to it:

1. The life adventures of Fred
2. Yo G to Py

3. Yther Ao

4. Answers

5. Index

Start on the first page of the life adventures of Fred and things will
explain themselves nicely.

After 24 chapters you will have mastered all of lower-division
(freshman and sophomore) calculus.



A Note to Yeackers

those who will be learning calculus from it. There are a thousand

banal, dignified calculus books with their overwhelming sense of
restraint and propriety that present the material as it has always been
presented:

This book wasn’t written with you in mind. Instead it was created for

definition
theorem
proof
corollary
definition
lemma
theorem
proof
definition

with such a lack of excitement that even a rock would be bored.

There is no reason why the study of calculus should have suffering
as its dominant motif—as if our students were children in some Dickens
novel. Not withstanding any objections of the American Dental
Association, a spoonful of sugar really doesn’t do any harm. In the years I
taught calculus, I often looked out at the faces of the students and thought
to myself that these individuals are not just Homo habilis (the toolmaker,
the worker) but Homo ludens (the playful).

This text will also make your life more pleasant. You haven’t been
forgotten. Here are some secrets between you and me:

1. @ues will be your real friend. Six cities are found at the end of
each chapter in the main text. Each city is a set of problems and
questions which may take your students 20—-30 minutes to work
through. You can assign one or more of the cities as homework.
In this Expanded Edition all of the answers to the problems in Gz
are supplied. They will have immediate feedback as to whether
they’ve mastered the material.



2. The main meat of calculus is found in the first section of the
book which tells of the life adventures of Fred and in the G Y
> Y%y which contains lots of completely-worked-out problems.
Many instructors assign the problems from the 9w Y to Sy
section. These provide the graded exercises that many beginning
students require before tackling the more substantial problems in
Cities. (Gpowr Gon to Fay begins at page A-401.)

3. You can make this course as high-powered as you wish by
including whatever material you like from the %/éer O7zs section.
(Ynther Otds begins at page B-441.)

4. Every calculus book leaves out some topics. Very few are left
out of e qf Yea. (Check the index for your favorite topics.)
Furthermore, there are many ideas/topics/themes/presentations that
can’t be found anywhere else. The rigor is also here with much of
it in the Yuser s section of the book so that you may decide how
much of it you’ll include in the course you’re teaching.

5. On these pages you and your students will find all of calculus
folded into the story of the early years of Fred. The topics of
calculus arise naturally out of his life experiences.

> When Fred and his doll Kingie are playing on the
kitchen floor (while his mother makes cookies) he invents
a game to play with Kingie. That game evolves into the
Mean Value Theorem.

> Visiting the buffet at a casino in Oz, Fred and his friends
encounter hyperbolic trig functions wherever they turn.

> Line integrals arise naturally when Fred does some
investigative work at the law library in his attempt to get

expelled from kindergarten.

You might enjoy this book as much as your students do!
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Ghapter Che
Yanctions

Siberian Mountains, there lived Fred’s parents. However, they

weren’t called Fred’s parents since Fred hadn’t been born yet.

But one day, more recently than a long
time ago, the stork delivered Fred. The lucky
couple, Mr. & Mrs. Gauss, discovered that they
were his parents.

At least Mrs. Gauss (rthymes with
“house”) thought she was a parent. Staring at
Fred, she chattered, “Oh, isn’t our baby beautiful!”

Mr. Gauss frowned and said, “He doesn’t look a bit like me.” Mrs.
Gauss didn’t get the drift of what her husband was saying. She responded,
“Of course he doesn’t. He’s just a little baby, all red and wrinkly, and,
besides, he was very young when he was born.” Fred’s father rolled back
his eyes, turned, and left the room.

Mrs. Gauss carried him around a while and then, not knowing what
to do with him, put him back in his crib. She had high hopes that her little
tyke would grow up to be a country western singer. After she tucked him
in, she handed him a new toy. It was a box with three buttons on it. Each
button had an animal printed on it.

O nce upon a time, a long time ago, on the western slopes of the

When Fred hit the button with the dog on it, the box sounded,
“Bow-wow!” When he tried the lion, “Roar!” The duck, “Quack!” This
was Fred’s first encounter with the idea of function. He found out that
EVERY time he touched the % he heard, “Quack!”

(%)
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W@ Che Yanetions

Here 1s how he summarized in his head what he knew about his
animal-toy function:

1. There ave two sets involved: the set of animal buttons
{dog, lion, duck] and the set of animal sounds {Bow-wow, Roar,
Quack}.

. Bveqy time T hit the fion T get a sound and it’s always

the same sound.

Fred was fascinated by this idea of function. You start with two
sets and for each element of the first set there is exactly one element of the
second set which corresponded to it. Fred looked around his study (crib)
and invented a new function. His first set contained the things in his crib
and the second set was colors. He saw his sheet and that matched up with
“white” in the second set. His %matched up with “yellow.” The bars

<
on his crib also matched up with “yellow.”

Can two different things be “yellow”? Yes. The only critical thing
for the idea of a function is that each element in the first set have exactly
one image in the second set. It’s okay if two different elements in the first
set have the same image.

Fred thought to himself This is baby stuffl I'w one day old

and T should be able to think of a move sophisticated example of a
function. He thought of his diaper which was in the shape of a right

triangle. He labeled one of the acute angles with the letter A and created
the following function: For any acute angle A, dvaw a diaper—T wmean a

trtan,g\e—w'\:t\n one of the acute ang\es be'\nrg A.

A
Then Fred continued measuve the length of the side opposite and divide
that length by the length of the hypotenuse. When Fred set angle A equal

to 35°, the result of using his function (namely, drawing a triangle with a
35° angle and dividing the opposite side by the hypotenuse) gave him a
result of 0.5735764. Fred was very good at measuring lengths. He called
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%ﬂm Che Sanctions

this function that he invented the sine function and he wrote
sin(35°) = 0.5735764.

But what if he had used a bigger triangle? Would the answer come
out differently? No. He knew he’d get the same answer every time since
any two right triangles with 35° angles would be similar (something he had
read in his geometry book) and similar triangles are triangles in which the
sides are proportional.

Now since every element in the first set, which is the set of all
acute angles, has a unique image in the second set, Fred knew that he was
dealing with a genuine function.

When Mrs. Gauss came in to see how Fred was doing, she found
that he had drawn triangles all over his bed sheets.

As she looked down into Fred’s study and made little “goo-goo-
g00”’ sounds at him, he said, “Mom, let’s play a little game. We’ll call it,
Guess the Function.”

Fred continued, “I’m thinking of a function which I’m going to call
‘f” and ’'m going to give you some examples and you try and guess what
the function is. Are you ready?”

Mrs. Gauss nodded but wasn’t sure what Fred was talking about.
Then Fred wrote on a sheet:

{7) = 15
{3) = 7
{6 = 13
§100) = Q01

Mrs. Gauss looked at what he had written. She looked at it for a
long time. Finally she said, “Are you hungry?”

17



%ﬂ% Che Yanetions

Fred shook his head and gave her some more examples:

A300) = 601 f13) = a5
fo) =1 (45 = 10

Finally after waiting several more minutes, he gave her the “hint”:
£ (X) = ax+1.

He tried to explain to her that a function is any rule which
associates to each element of the first set exactly one element of the
second set. The object of the game was to guess the rule.

If you would like to play Guess the Function see page A-401 in
Gpowr Jum 1o Alay 10 the back of this book. If you are reading this book to

learn calculus, and not just enjoy the adventures of Fred, every opportunity
for you to take Gpur Jin to Sy should be taken. The nice part is that

complete solutions are given for all the questions. The Qe Yun to Sy
is one of the easiest ways to learn calculus.

His mother left the room humming a tune that didn’t seem to have
a melody. Fred was alone to think functions some more. He wanted to
invent some more of them.

First, T should think of two sets Fred thought and then T7I
think of a mapping (which is another name for function) between them.
He cast his eyes around the room and spotted a huge stack of old country
western fan magazines that his mom had stacked up in the corner. We'll let
that be the first set. (The first set is called the domain of a function.)

From his vantage point in his crib he could see part of the kitchen
counter. On it sat a blender, a coffee pot and a mixer. T Il let these be

the elements of my second set. (The second set is called the codomain of

a function.)

Since a function is ANY rule which associates to each element of
the domain, an element of the codomain, Fred could think of hundreds of
possible functions:
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W@ Che Yanetions

First 2xample: to every magazine with the letter “R” on the front
cover assign those magazines to the coffee pot and all the rest of the
magazines assign to the mixer.

Szeond exanple: All magazines less than 50 pages long assign to the
blender; those with 50—75 pages assign to the coffee pot and the rest to the
mixer. Then the image of a magazine with 58 pages would be the coffee
pot.

Ihird example: The oldest magazine (which happened to be the July
1952 issue) is assigned to the blender. The youngest magazine is assigned
to the coffee pot and all the rest are assigned to the mixer. In this case
every element of the codomain was the image of at least one element of
the domain. Such a function is said to be onto the codomain. (In Fred’s
first example, that function wasn’t onto the codomain since no magazine
had the blender as an image.)

Fourith exanple: Assign all the magazines to the mixer. This, of
course, is not onto the codomain. The set of all images of a function is
called the range of the function. The range of this function is just the
mixer. Ifthe range equals the codomain, then the function is onto.

That’s a lot of new words and concepts (unless you had them in
your algebra classes). Let’s turn to Qe Y te Sy on page A-402 and
play with those ideas until they become a bit more comfortable.

(If you want to read more about functions, see page B-441 in Yuistber
ot 1n the back of this book. If you’ll read the first three paragraphs on
that page, it’ll explain what Yuter 072z 1s all about.)

If you have a yellow highlighter, please color the duck on the
previous pages.

It’s traveling time. We will have the
opportunity to visit six cities in the next several
pages. (If you haven’t looked at Gzt Gin to Py,
these questions will be tougher than they need to

Good news! Answers for the @z« are supplied right after the six

Cities. If your purpose is to learn calculus, then do the problems first and
then check your answers.
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.................. 328
angle of truck sign. ...... 90
dog's play area.......... 140
height. ............... 126
hemp plant yield. ... ... .. 77
local. ............. 66, 321
onan interval. ....... A-407

tests for surfaces in three
dimensions. . . . . 323,327
Mean Value Theorem.. . .......
.............. 124, A-415
proof ............... B-456
Rolle's theorem (lemma)
................ B-456
used for approximation.. . 128
MinimMums. ............... 60
bubbles lost............. 89
fetching the beer. . . .. .. .. 62
paperused.............. 78
shortest route across the
tundra.............. 97
sound reaching Fred’s ears

mixed partial derivative. . . . . 324
moment of inertia.. . ..........
.......... 189, 256, A-421

of abanana. ........... 190
using double integrals. . . . 347
MVT.............. 124, A-415
proof. .............. B-456

used for approximation.. . 128
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M=N................. 371
exact differential equation . . .
................ B-512
Napier, John.. . . .. C-554, C-561
natural logs.. . ............ 203
Newton........ 229, 385, B-506
normal to a surface.. ... .. B-497
numerical integration. .. .......
e 294, A-432
memory aids. .. ........ 299
Simpson’srule. ........ 298
trapezoidal rule. . .. ... .. 297
one-sided limit............ 162
one-to-one. ............ A-403
openinterval.............. 124
pP-Series.................. 235
Pappus. ................. 250
Pappus’ theorem.. ... ...... 250
parabola. ................ 217
inpolar. ............ B-481
parametric representation.. . 110,
A-413
partial derivative. ......... 322
partial fractions. .......... 271
a brush-up.. ... B-483, B-484
path-independent. .. ....... 376

point of inflection.. . . . 74, A-408
point-slope equation of the line

polar coordinates. . . . 264, A-429
a brush-up.. ... B-478, B-480
double integration.. . 348-349

finding volume. . . .. 348-349
formulas. ....... B-480-482
position vector. . ... ..... B-494
potential function.. .. 372, B-492
power series. . ... ... 272, A-430

interval of convergence.. . 274
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Maclaurin. . ........... 278

probability density function
........ 204, 256, A-421

productrule. ........ 64, A-406
proof. .............. B-448
Product Rule song. ......... 74
projection of a vector. . . . . .. 310
length. ............... 311
pure second partial derivative
.................. 324
quotientrule. ....... 64, A-406
proof. .............. B-448
rabbit and the wall. . . . . .. B-466
radian measure. . ........... 92
definition.. . ......... B-453
dimensionless. . ........ 191
radius of convergence. . . ... 274
TANEE.. . o v e 19
rational numbers.. .. ... .. B-469
rationalizing the numerator. . 292
rectangularrule. .......... 296
related rates. ... ... 104, A-412,
A-413, A-417
and angular velocity. ... ....
.............. 191, 211
distance to the Christmas tree
.................. 106
of the gascloud......... 105
ofthe squab............ 103
silo. ... 154
surface area............ 156
Toddy’s body. ......... 155
relative maximum. ......... 65
for surfaces in three
dimensions. . ....... 327
Rolle’s theorem. . ....... B-456
RootTest. ............... 239



saddle point. ......... 324-325
scalar. .................. 306
scalar field. .............. 366
scalar function. ........... 360
scalar multiplication.. . . .. .. 306
Schroder-Bernstein theorem . . . .

................ B-443
secantline................. 46
second derivative test.. ... 73, 90

second moment. .............
.......... 189, 256, A-421
second order differential

equations
lacking the dependent variable
.................. 393
lacking the independent
variable.. .......... 395
separating the variables. . ... ...
................ 292,382
31mple paths.............. 374
Simpson’srule............ 298
sinhx............. 288, A-431
derivative. ............ 291
slope ofaline........... B-447
slope of tangent line.. . . . . 46-47
slopes of tangents to curves
................ A-405
smooth paths. ............ 374
snake (weight). ....... 141, 143
solid of revolution. . ....... 246
speed. . ... 38
instantaneous. .......... 39
spherical coordinates. . . . . B-491
volume. ............ B-492
Stokes’s theorem.. . .. B-510-511
surface area. ........... A-428
inpolar. .............. 264
of apaintcan.. .. ... 252-253
of revolution. . . . ... 251, 256
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surface integral.. . B-497, B-498,
B-500, B-502-504

tangenttoacurve........... 45
curve in implicit form.. . . 108
Taylor series.. .. . ... 281, A-431
remainder formula. ... B-485
Tinker Creek. ............ 153
torque............. 177, A-418
ofabar. .............. 255

of a pb&j sandwich.........
.............. 187, 189
tractrix curve. ............ 292
transcendental numbers. . . B-469
trapezoidal rule.. . ... ... ... 297
trig substitutions.. . . . .. 248-250
triple integrals. ......... A-435
unit tangent vector. . . . ... B-494
unit vector. . ............. 311
iLjandk.............. 313
variable density. .......... 141
variables separable.. . .. .. A-437
VECTOT. . o v 306
an algebraic view. . ... B-486
components.. . ....... B-488
dot product. ........... 310
formulas. ......... 313-314
length. ............... 309
position vector. ... ... B-494
projection. . ....... 310, 312
scalar product. .. ....... 310
subtraction. ......... A-432
unit. ... 311
vector product.. . ... .. B-509
zero vector. . .. .. 313, A-433
vector addition. .. ......... 307
an algebraic view. . ... B-487
associative.. .. ......... 308
formulas. ......... 313-314

589



vector field............... 366
velocity

hitting the ground. . . .. .. 126

limiting. .. ............ 289
velocity vector. . ........ B-494
vertical asymptote. ......... 81
vertically simple.. ... .... C-560
volume

cylindrical shells method

of revolution. . . 173, 176, 255
polar coordinates.. . . 348-349
solid of revolution.. .. ......
........ 246, 256, A-418
solid with constant height

solid with variable height
.............. 340, 344
spherical coordinates. . B-492
water pressure. . 213,256, A-424
weight of area with variable

density. ........... 346
weight of length with variable
density. ........... 255
wire skating. . ............ 253
work. . ............ 255, A-418
along a curved path.. . . .. 366
compressing a spring. ... 171
defined. .............. 169
lifting Toddy to Oz. .. ... ...
.............. 169, 171
pumping water out. . 173, 255
X-Y-ZAXES. ' o eet e 320
Y 73
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